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shown that the difference between the open-loop and closed-loop
characteristic equations can be used to determine the elements of
the last column of the closed-loop Lyapunov matrix. These terms
change the nonlinear portion of the algebraic Riccati equation to
known values so that the elements of the desired state weight matrix,
as well as the remaining terms of the closed-loop Lyapunov matrix,
can be determined from a set of linear algebraic equations. The
linearized longitudinal equations of motion of an aircraft were used
to demonstrate the application of the outlined procedure.
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Introduction

HE vibration control of flexible structures is a tricky problem

because a finite order controller is used to control an (essen-
tially) infinite dimensional system. Robustness is of paramount im-
portance here because an accurate knowledge of the system is often
lacking, and it is impossible to model all of the modes. Furthermore,
there are several destabilizing factors, such as the effect of spillover!
and the interaction of finite bandwidth actuator’s dynamics,? all of
which must be carefully considered when designing the controller.
In Ref. 3, an active vibration control technique for second-order
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systems using acceleration feedback was proposed and shown to
be unconditionally stable. Its robustness is further demonstrated in
actual experiments* where single-input/single-output (SISO) con-
trollers are designed to augment the damping of a single target
mode. In a more restricted context, Sim and Lee’ also show that
after incorporating finite actuator dynamics the collocated accelera-
tion feedback control scheme is globally and unconditionally stable.
No constructive procedure, however, is proposed therein to assign
desired closed-loop damping to the controlled modes.

This Note proposes a procedure for the design of a multi-input/
multi-output (MIMO) controller that assigns prescribed closed-loop
damping to multiple target controlled modes. We show that up to
50% closed-loop damping can be assigned to each of the controlled
modes approximately, while at the same time ensuring that all the
uncontrolled and unmodeled modes remain stable with higher than
natural closed-loop damping.

Acceleration Feedback of a Scalar
Second-Order System

To understand how the pole-placement procedure works, we first
examine the acceleration feedback control of a scalar second-order
system. As in the case of positive position feedback control,? we
associate a tuning filter with sufficiently high open-loop damping to
the system, and transfer some of the open-loop damping of the tuning
filter to the system via an appropriate arrangement. Consider the
following closed-loop arrangement of a scalar second-order system
with a second-order tuning filter.

System:

¥+ 250,y + @2y = —y’n )
Tuning filter:
i+ 20pwpn + 0hn = W}y 2

wherew, > 0,¢, > 0,w; > 0,and {; > O are the natural frequency
and natural damping ratio of the system and natural frequency and
natural damping ratio of the filter, respectively. Here, y* is a scalar
gain to be determined.

Proposition 1. The closed-loop system (1) and (2) is uncondition-
ally stable.

Proof. This follows readily by a direct application of the Routh—
Hurwitz criterion on the closed-loop characteristic equation

P(s)= (S2 + 2Lnwns + w,z,) (s2 +2¢pwps + a),zl)

+ yza)is2 =0 3)

As a design problem, the filter’s parameters and the gain are to be
determined such that a desired closed-loop damping for the system
is to be achieved. We assume that the natural damping of the system
is very small (¢, << 1) (otherwise there is no need for active damping
enhancement), hence the system’s open-loop poles are close to the
imaginary axis. A quick root-locus reveals that the most effective
tuning filter’s parameters are given by ¢, = 1 (critically damped
filter) and wy = w,. The corresponding root locus diagram is as
shown in Fig. 1, where ¢, is assumed to be zero and w, is normalized
to unity. Maximal closed-loop damping for the system is achieved at
the breakaway point where the branch emanating from the system’s
open-loop pole meets the branch emanating from the filter’s open-
loop pole. The breakaway point occurs when y? = 1 regardless
of the value of w,. Since under the assumption that ¢, = 0, w, =
wy, {¢ = 1, the characteristic equation reduces to

(32 + w,zl)(s +w,)? + wfls2

= {Is + @./27 + (322 /4)} =0 @

hence the repeated poles are to be found at s = — %w,, +./3/2)w,i
resulting in a maximal closed-loop damping ratio of 50% for both
the system and the tuning filter. Increasing y2 beyond unity will not
increase the damping of the system or the filter; but nevertheless it
will not destabilize the system either.

Once the filter parameters are tuned to the system’s, it is easy
to design the feedback gain to achieve a prescribed closed-loop
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Fig. 1 Root locus of a scalar acceleration feedback control system.

damping ratio for the system. If we normalize w, = wy = {f = 1,
the closed-loop damping ratios of the system (,.) and of the filter
(¢ ) arerelated to the open-loop damping ratio and feedback gain by

(24 20,5 + D + D>+ y2s2

= (82 4+ 285 + D(E +28pes + 1) )
By equating the coefficients of powers of s, we obtain
Y2 =4 — t) (1 = L) ©)
and
Sre =148 — b )

provided that y2 < (1 + ¢,)/2. Equation (6) can be used, for any
given natural frequency, to determine the feedback gain required for
a prescribed closed-loop damping ratio of ¢..

Acceleration Feedback Controller Design for
a Large Second-Order System

In theory, a flexible structure is a distributed parameter hyper-
bolic system modeled by a generalized wave equation. In practice,
however, the infinite dimensional system is discretized, via some ap-
propriate finite element analysis, into a large but finite dimensional
second-order system,

Mx + Dx + Kx = f(r) (8)

where x € RY, N >» 1 denotes the physical state of the system,
M, D, K are symmetric matrices in RY *¥ representing the mass,
damping, and stiffness of the structure, respectively, and f(¢) is
some external forcing term. For collocated control, consider a set
S c{1,2,..., N} where for each state x;, j € S we assign a pair
of collocated sensor/actuator. Let |S| = n be the total number of
sensor/actuator pairs. Furthermore, we define the sensor/actuator
location matrix § € R"*" to be

1 if sensor/actuator pair i is located at state x;, j € S
15k =10 otherwise

With the notations introduced, the sensor output may be succinctly
expressed as S € R". Without loss of generality, we assume that the
n pairs of sensot/actuator are used to control the first n modes of the
system (with natural frequencies w;,i = 1,...,n). In practice,
the n pairs of sensor/actuator may be used to control more than n
modes, especially when the modes’ natural frequencies are closely
spaced. As in the scalar case, n critically damped tuning filters with
natural frequencies wy,,i = 1,2,...,n are assigned for each of
the controllers, and each tuned to the frequency of the controlled
modes, i.e., @y, = w;. Although the actuators have finite bandwidth
and, hence, should be included in the design consideration, in theory
it is possible to eliminate the actuators’ dynamics altogether by an
appropriate arrangement as described in Ref. 2, where itis done ina
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different context. Henceforth we shall ignore the actuator dynamics,
and close the feedback loop by the following arrangement:
Structure:

Mi+Di+ Kx = —STC%z ©)
Tuning filter:
F+ Dyt +Qpz=CISE (10)

where z € R" is the state of the tuning filter, C = CT/2CY? ¢
R"*" is the (positive definite) feedback gain matrix, Dy =
diag{2wy,, i = 1,..., n} is the filter’s damping matrix, and 2, =
diag{w?, i =1,..., n}isthefilter’s stiffness matrix. Next we apply
the usual modal transformation to the state equation

x = ®¢ (1D

where ® € RV *V is the modal matrix that simultaneously diago-
nalizes M and K, i.e.,

TMO=1y, O'K®=Q=dag{w), i=12.. N}

(12)
®"D® =D

In the context of flexible structures, the modal damping matrix D is
symmetric, diagonally dominant, and has small but positive eigen-
values. For convenience we shall, to first-order approximation, as-
sume D to be diagonal (with diagonal elements given by 2¢,w;).
Note that the closed-loop stability of the system is not dependent on
this assumption. Equations (9) and (10) thus transform to

E4+Dé+Qf =—a"STCog (13)
i+ Dz + 2z = CI5DE (14)

To control the first # modes using the design procedure for scalar
systems as described earlier, we construct the feedback gain matrix
C such that the first  controlled modes are approximately decoupled
from the higher N —n uncontrolled modes. To achieve this, we note
that the closed-loop characteristic equation of the system (13) and
(14) is given by

det]s*Iy +sD+Q+ @7 STC*
x (21, + Dys + Q) C15®s%] =0 (15)
If the gain matrix C is designed such that

B ="sTCH (2, + Dys + Q) C15P

n N-—n
n
= B B 16
N —n ‘T1 2) o pNxN (16)
B12 By

where

W 2
B =diag] —2~——, i=1...np (7
52+ 205 + o,
then the first n x n subblock of the matrix
A=5Iy+sD+Q+d7SC?
x (21, + Dys + Q) C15®s? (18)
becomes diagonal with diagonal entries given by
a)%_ v2s?

A)ii = 8% + 28 + 0F + —
( )11 En i fi s2+2wﬁs+w2f[

(19)

Equation (19) implies that the first # controlled modes can be re-
garded as approximately decoupled scalar systems as in Egs. (1)
and (2), notwithstanding the weak coupling through B, that can be
ignored to first-order approximation if the y? are sufficiently small,
and the sensor/actuator locations properly chosen. In fact, as the
example in the next section will show, this coupling effect remains
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Fig. 2 Distribution of closed-loop poles with 25% prescribed damping ratio for four modes.

small even if we use y? = 1 for maximal closed-loop damping.
These scalar gains yi2 can subsequently be designed to achieve the
prescribed closed-loop damping for the controlled modes accord-
ing to the procedure described before for scalar systems. The special
structure of the By; matrix as specified in Eq. (17) can be arranged
by noting that

Sb = (U;:¥,) € RV 0)
where W; € R"*" and W, € R"*W =" Hence,
By = WICH(s’l, + Dys + 2;)  Ch, en

By a careful choice of the sensor/actuator location matrix S, it is pos-
sible to ensure that W, is nonsingular. Furthermore, by locating the
sensor/actuator pairs away from the nodes of the controlled modes,
large entries of ¥, ! can also be avoided, thus minimizing the cou-
pling effect of By,. Consequently, the modal gain matrix B;; of Eq.
(21) is a result of choosing the feedback gain matrix to be such that
Ct =diaglw,y;, i=1,...,n}0" 22)
Lastly, we note that even if the gain matrix C is not designed
properly, (for example, by a bad choice of sensor/actuator locations
resulting in a near-singular W, ) there is no risk whatsoever that the
feedback system can become unstable, since it has been shown that
the closed-loop system (13) and (14) is unconditionally stable in
Refs. 3 and 5.

Simulation of a Discrete Shear Beam

Consider a N = 20 elements discrete shear beam with M =
12(), and K defined by K,‘,‘ = 2,1 = 1, PR N, Ki,i+l = *1,1 =
L....N=-LK;;=~1,i=2,...,N; K;; =0 otherwise. It is
easy to show that the natural frequencies of all N modes are given
by w; = 2sin[iz /(N 4 1)], and the modal matrix is given by &;; =
J12/(N + Dlsinlijm/(N + 1)]. For convenience, we assume that
the modal damping matrix is diagonal with diagonal elements given
by D;; = 2¢,w;, where £, = 0.01 is assumed to be uniform for
all modes. To control the first four modes n = 4 sensor/actuator
pairs are used, and we select the sensor/actuator pairs locations to
correspond to S = {3, 8, 13, 19}. Four critically damped tuning
filters with natural frequencies tuned to their respective controlled
modes will be used to create the desired damping.

The resulting closed-loop system is a second-order system with
N + n = 24 states. If we prescribed a closed-loop damping ratio of
25% for the first four controlled modes, the design procedure sug-
gests theuse of > = 0.72, i = 1, 2, 3, 4. The resulting closed-loop

eigenvalues are as shown in Fig. 2, where the actual closed-loop
damping ratio of the first four modes are 0.252, 0.245, 0.182, and
0.248, respectively. With the exception of the third mode, the actual
closed-loop damping ratios are within 2% of the design values. The
relatively low closed-loop damping of the third mode is probably
because three out of four of the sensor/actuator pairs are placed
near the nodes of the third mode, thus diminishing their influence.
Furthermore, all of the uncontrolled modes (and, expectedly, the
unmodeled modes) result in higher than natural damping. Further
design for a maximal damping ratio of 50% result in the actual
closed-loop damping ratio of 0.547, 0.54, 0.433, and 0.523 for the
first four controlled modes. Despite the large gains used, the cou-
pling effect of the uncontrolled modes remains minimal. Again all
uncontrolled modes result in higher than natural damping.

Concluding Remarks

There remains a couple of practical issues that require further
attention. First, accelerometers admit some delay in their measure-
ment of acceleration. This delay effectively introduces open-loop
zeros in the right-half complex plane and may cause eventual in-
stability when the feedback gain is large enough. Because of the
extreme robustness of the technique, however, some preliminary
simulation studies have shown that the closed-loop system remains
stable well beyond the design range of the gain, in spite of the pres-
ence of fairly large time delay. Second, accelerometers measure
absolute (and not relative) acceleration, which makes it impossible
to decouple the rigid body mode from the vibration modes of the
flexible structure. Studies are underway to address these issues.
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I. Introduction

HE development of linear-quadratic-Gaussian (LQG) theory

was a major breakthrough in modern control theory since it pro-
vides a systematic way to synthesize high-performance controllers
for nominal models of complex, multi-input multi-output systems.
One of the well-known deficiencies of an LQG compensator, how-
ever, is that its minimal dimension is usually equal to the dimension
of the design plant. This has led to the development of techniques to
synthesize reduced-order approximations of the optimal full-order
compensator (see Refs. 1-3 and the references therein).

The controller reduction methods almost always yield suboptimal
(and sometimes destabilizing) reduced-order control laws since an
optimal reduced-order controller is not usually a direct function of
the parameters used to compute or describe the optimal full-order
controller. Nevertheless, these methods are computationally inex-
pensive and sometimes do yield high performing and even nearly op-
timal control laws. An observation that holds true about most of these
methods is that they tend to work best at low control authority.?* To
date, however, no algebraic conditions have been established that
guarantee that a given suboptimal controller reduction method will
work well at low authority.

This Note considers the balanced controller reduction algorithm
of Ref. 1 and provides a constructive way of choosing the weights in
an LQG control problem of dimension n such that fora givenn, < n
the corresponding n.th-order controller obtained by this suboptimal
reduction method has essentially the same performance as the LQG
controller at low control authority. The usefulness of this result is for
initializing homotopy algorithms for optimal reduced-order control
design that requires a nearly optimal controller for an initial set of
design parameters.*

The discussion here focuses on stable systems. It is shown that
if the state weighting matrix R; or disturbance intensity V) has a
specific structure in a basis in which the plant dynamics A is up-
per or lower block triangular, respectively, then at low control au-
thority the corresponding LQG compensator is nearly nonminimal
with minimal dimension n.. It follows that the LQG compensator
can be easily reduced to a n.th-order controller having nearly the
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same performance. These results are directly applicable in initializ-
ing continuation and homotopy algorithms* that require a reduced-
order controller that is nearly optimal for some set of initial design
parameters corresponding to a low authority controller.

A special case of the conditions presented for R; and V; has a
strong physical interpretation for structural control problems. In par-
ticular, assuming that all of the eigenvalues in the plant are complex
(lightly damped structures) and #, is an even number, then either
R, is allowed to weight only r./2 structural modes or V) is allowed
to disturb only n./2 structural modes.

II. Construction of Nearly Nonminimal
LQG Compensators

Consider the nth-order linear time-invariant plant
y(#) = Cx(®)+Dyw() (1)

where (A, B) is stabilizable, (A, C) is detectable, x € R", u € R™,
y € R', and w € RY is a standard white noise disturbance with in-
tensity /; and rank D, = /. The intensities of D, w(¢) and D,w(¢) are
thus given, by V; £, DT > 0and V, 2p, DI > 0, respectively.
Then, the LQG compensator

x(t) = Ax(t)+Bu(t)+Dw(r),

xc(1) = Acxe(2) + Bey(), ut) = =Cex.(t) (2

for the plant (1) minimizing the steady-state quadratic performance
criterion

A Lo [T
J(Ac'y Bu CL) = lim -F [x (S)Rlx(s)
oo by

—f—uT(s)Rzu(s)] ds (3)

where R; > 0 and R, > 0 are the weighting matrices for the con-
trolled states and controller input, respectively, the plant is given by

A,=A—-XP-0%, B.=QCTv;!

C]
. =R;'BTP
where T £ BR;'BT and T £ CTV;'C, and P and Q are the
unique, nonnegative-definite solutions of

ATP+PA+R -~PTP=0 5)
and
AQ+ QAT +Vi - QX0 =0 6)

respectively. Furthermore, the shifted observability and controlla-
bility Gramians! of the compensator, P and Q, are the unique,
nonnegative-definite solutions of

(A—QS)TP+P(A-QE)+PEP=0 %)
and
(A-TP)0+0(A-ZP) +080=0 ®)

respectively. The magnitudes of R, and V, relative to the state
weighting matrix R, and plant disturbance intensity V; govern the
regulator and estimator authorities, respectively. The selection of
R, and V; such that || Ry|| > [|R;|| or VL]l > || V4] yields a low
authority compensator. This section shows that when the open-loop
plant is stable and (A, R;) or (A, V}) have a particular structure, the
LQG controller approaches nonminimality as the controller author-
ity decreases. To prove this result, we exploit structural properties
of the solutions of Riccati and Lyapunov equations assuming the
coefficient matrix A and the constant driving term R, have certain
partitioned forms.
Lemma 2.1. Suppose

A A B’ Lo 0,
(&)

where Ay, R; | € R"*", By € R"*™, and Ry, > 0, and assume
A is asymptotically stable. Then the following statements hold.



